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Numerical Pricing European Stock Option Based on the Black Scholes Equation Using the Crank-Nicolson Method

ABSTRACT

Accurate option pricing remained a central challenge in quantitative finance, particularly in emerging markets 
characterized by higher volatility and data uncertainty.
This study aimed to estimate the price of European call options based on the Black-Scholes model using the 
Crank-Nicolson finite difference method.
The continuous pricing domain was discretized into uniform spatial and temporal grids, and the numerical results 
were validated through comparison with the analytical Black-Scholes solution using real stock price data from 
the Indonesian market.
The results showed that the numerical solution converged consistently toward the analytical benchmark as the 
grid resolution increased, indicating stable and reliable numerical behavior.
Overall, the findings confirmed that the Crank-Nicolson method provided an efficient and robust numerical 
framework for European option pricing, offering a practical balance between computational simplicity and 
numerical accuracy in moderately volatile financial markets.
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Substantial advances in digital technology have revolutionized modern financial markets through faster infor-
mation dissemination, increased market efficiency, and the development of increasingly sophisticated financial 
instruments.
These developments have increased trading activity and encouraged innovation in the financial sector, particu-
larly through the use of derivative instruments as an important part of risk management and investment strategies 
[1][2].
Among these derivative instruments, option contracts play a crucial role due to their sensitivity to changes in the 
underlying asset price, market volatility, and time to maturity [3][4].
These characteristics make options a widely used instrument by both investors and financial institutions in 
investment strategies and risk management [5].
Therefore, accurate option pricing is very important in academic research and practical decision-making in 
finance, especially in emerging financial markets, which are generally characterized by higher volatility and 
relatively lower market efficiency [6][7].

The theoretical foundation of option pricing was established by Black and Scholes through the formulation of a 
partial differential equation--commonly referred to as the Black-Scholes equation--that describes the pricing 
dynamics of European options under idealized market conditions, including constant volatility and frictionless 
trading [8].
Within this framework, the Black-Scholes model admits a closed-form analytical solution, representing a land-
mark contribution to the field of financial mathematics.
Despite its widespread use as a theoretical benchmark, the practical applicability of the model in real financial 
markets is subject to several limitations, as its underlying assumptions are frequently violated, particularly in 
the presence of market incompleteness, time-varying volatility, and the demand for numerically stable and 
computationally efficient solution methods [9][10].

The limitations inherent in the analytical pricing approach have encouraged to the development of numerical 
methods for solving the Black-Scholes equation [11].
These numerical techniques become particularly relevant in situations where closed-form analytical solutions are 
not available or when stable and accurate approximations are required for practical computational applications 
[12].
From the various numerical schemes, the finite difference method remains one of the most widely used ap-
proaches due to its conceptual clarity and ease computational implementation [13].
The Crank-Nicolson method, as a semi-implicit finite difference scheme, has recently attracted considerable 
attention due to its unconditional stability and second-order accuracy in terms of time and space discretization, 
which makes it particularly suitable for solving parabolic partial differential equations, such as the Black-Scholes 
equation [14].

The latest research highlights efforts to improve numerical accuracy in solving the Black-Scholes equation 
through the development of more advanced computational schemes, including hybrid approaches that combine 
the Crank-Nicolson method with high-order spatial discretization techniques, such as spline-based formulations 
[15].
In particular, Roul and Goura (2020) specifically proposed a Crank-Nicolson scheme combined with a sextic 
spline collocation method and demonstrated higher spatial convergence performance compared to conventional 
finite difference schemes.



However, this increase in numerical accuracy is generally accompanied by increased model complexity and high 
computational costs, which may limit the practical application of this approach, especially in environments with 
limited computational resources or in trading and hedging activities that are sensitive to costs [17][18].

It is particularly relevant in the case of developing financial markets such as Indonesia, which are characterized 
by relatively high stock price volatility and limited availability of consistent historical data.
These conditions increase the level of risk associated with the valuation of assets and derivative instruments 
compared to more mature financial markets [19][20].
The empirical results show that stock market volatility in Indonesia is dynamic and highly influenced by macro-
economic conditions and market structure, thus requiring the application of a stable and reliable modeling 
approach [21].
However, most of the existing literature focuses on conceptual analysis or market data that is relatively stable, 
resulting in limited empirical research on the direct application of well-established classical numerical methods 
in the context of emerging markets [22][23].

Considering the above background, this research aims to apply and validate the Crank-Nicolson finite difference 
method in solving the classic Black-Scholes equation for determining the price of European-style stock options.
We focused on numerical stability, computational efficiency, and ease of implementation, without overcompli-
cating the model, in line with suggestions in the numerical finance literature.
Market data from Indonesia was used to evaluate the practical performance for the proposed method, with the 
numerical results systematically compared to the Black-Scholes analytical solution as a form of validation, as 
commonly applied in empirical data-based option pricing research [24]

This research's main contribution was to present a pricing scheme for European options that is clear, numerically 
stable, easy to implement, and particularly relevant to the context of developing financial markets.
With an focus on the use of classic numerical schemes that have been proven effective, this research is expected 
to serve as a basis for further development towards more complex option pricing models that represent market 
conditions more realistically.

RESEARCH METHOD

Research Design

In this research, a numerical quantitative approach is applied to estimate the price of European call options based 
on the classic Black-Scholes model using the Crank-Nicolson finite difference method.
The main contribution of this research is computational and numerical, with an emphasis on the direct application 
of numerical schemes that are strong and have been tested on real stock market data from emerging financial 
markets.

The Crank-Nicolson method was chosen because it is a semi-implicit finite difference scheme that has uncon-
ditional stability and second-order accuracy in time and space discretization, making it well suited for solving 
parabolic partial differential equations, including the Black-Scholes equation [25].
Select this method to ensure numerical stability while maintaining computational efficiency and ease of imple-
mentation.



Mathematical Model

Mathematical models applied in this research are based on the Black-Scholes partial differential equation that 
determines the pricing of European call options, which is formulated as follows:

where denotes the option price depends on the underlying asset price and time, represents the asset volatility, 
and denotes the constant risk-free interest rate.
Equation (1) is derived under ideal market assumptions and serves as the theoretical foundation for the numerical 
methods applied in this research [8].

Equation (1) is derived by assumption that the underlying stock price evolves according to a Geometric Brownian 
Motion (GBM), which is expressed as:

where denotes the expected stock price growth rate and denotes a standard Brownian motion [3].
By applying the no-arbitrage principle and transforming the model into the risk-neutral probability measure, the 
drift parameter is replaced by the risk-free interest rate, resulting in the Black-Scholes formulation [26][27].

For a European call option, the terminal condition at maturity are defined as

where denotes the strike price and is the time to maturity of the option.
These boundary conditions reflect the theoretical behavior of the European call option value under extreme 
underlying asset prices [11].
The upper bound is chosen large enough to reduce truncation errors at the spatial boundary in the numerical 
implementation [14].

Data Source and Parameter Estimation

The empirical data used in this research was obtained from Yahoo Finance, using daily closing stock prices of a 
large publicly listed company in Indonesia (referred to as PT XYZ).
The dataset covers the observation period from January 3, 2025, to December 30, 2025, with a total of 235 daily 
observations.
The model parameters include the most recent stock price (), the strike price (), the risk-free interest rate () 
obtained from official publications of Bank Indonesia, the annualized volatility () estimated from daily return data, 
and the time to maturity () expressed in years.

The stock price volatility () is computed based on the standard deviation of daily logarithmic returns.
The logarithmic return is defined as

where dan denote the stock closing prices on day- and the previous day, respectively [28].
The standard deviation of daily returns is computed as:

where denotes the number of observation days and represents the mean daily return [29].
The annualized volatility is obtained by adjusting the annualized standard deviation of daily returns using the 
square root of the annual number of trading days in a year (), that is,



This approach a standard procedure in the analysis of financial market volatility based on discrete-time data 
[28][29].

Time transformation

To simplify numerical computation, a time-variable transformation is introduced by defining, dan thereby refor-
mulating the option pricing problem as a forward time-evolution problem.
With this transformation, the time derivative can be written as

Substituting equation (8) into equation (1) yields the forward-time formulation of the partial differential equation 
as

which subsequently became as the basis for the application of the Crank-Nicolson finite difference scheme in 
this research.

Spatial Discretization

The spatial domain is discretized into uniformly spaced grid points with a step size.
To approximate the spatial derivatives in equation (9), second-order accurate central finite difference schemes 
are employed.
The first-order spatial derivative at the grid point is approximated as

while the second-order spatial derivative is approximated as:

where denotes the numerical approximation of the function at the spatial grid point and the -th time level.

Crank-Nicolson Time Discretization

Let the time interval be divided into uniform time steps with a step size.
Then, apply the Crank-Nicolson scheme to equation (9) and define it as follows:

where represents the spatial differential operator of the Black-Scholes equation.
This discretization process generates a system of linear equations with tridiagonal coefficient matrices, which 
can then be written in matrix form as follows:

where matrices and are tridiagonal matrices that depend on the model parameters and grid sizes, while vector 
contains contributions from boundary conditions [13].
System of linear equations generated is effectively solved using Thomas's Algorithm, considering its low 
computational complexity and good numerical stability for systems with tridiagonal structure [30].
The numerical iteration are performed backward from the maturity time to the initial time.
Final value represents the estimated price of the European call option at the present time [13][14].

Validation and Evaluation



Numerical solutions are validated by comparing them with the Black-Scholes analytical solution for European call 
options, which is formulated as follows:

with

Where is the cumulative distribution function of the standard normal distribution.
An absolute difference between the numerically calculated option price and the analytical solution is used as an 
accuracy indicator to assess the convergence rate and accuracy of the applied numerical scheme.

Computational Implementation

Every numerical calculation in this research was performed using the Python programming language on the 
Google Colab platform.
The computational implementation utilized standard scientific libraries, namely NumPy for numerical operations 
and Matplotlib for table presentation and graphical visualization.
The resulting tridiagonal system of equations was solved using a specialized implementation of the Thomas 
Algorithm.

RESULT AND ANALYSIS

This research aims to evaluate the performance of the Crank-Nicolson finite difference method in pricing 
European call options within the Black-Scholes framework.
The analysis includes empirical data processing, evaluation of numerical convergence behavior, and measure-
ment of accuracy levels through systematic comparison with the Black-Scholes analytical solution.

Empirical Data and Parameter Estimation

Daily closing stock price data is used as a basis for estimating model parameters.
Daily logarithmic returns are calculated based on the ratio of consecutive closing prices presented in Table 1.
The analysis results show that stock returns fluctuate around zero without a dominant trend during the observa-
tion period, indicating relatively stable short-term price dynamics.

Table 1.
Logarithmic Daily Returns of BBCA Stock Prices

Date

0

January 03, 2025

9850

9900



-0.005063

1

January 06, 2025

9675

9850

-0.017926

2

January 07, 2025

9525

9675

-0.015625

233

December 29, 2025

8025

8025

0

234

December 29, 2025

8075

8025

0.006211

The Black-Scholes model parameters were obtained through descriptive statistical analysis of logarithmic 
returns, as presented in Table 2.



The resulting annual volatility estimates are within the range commonly found in banking sector stocks in the 
Indonesian market.

Table 2.
Estimated Parameters Used in the Black-Scholes Model

Parameter

Symbol

Value

Last stock price

8075

Strike price

10000

Risk-free rate

0.06

Mean daily return

-0.000867

Daily standard deviation

0.018502

Annualized volatility

0.293703

Time to maturity

0.25

Numerical results and convergence Analysis

Based on the parameters reported in Table 2, the European call option price is computed numerically using the 
Crank-Nicolson method and analytically using the Black-Scholes formula.



The analytical solution is used as a benchmark to evaluate the accuracy of the numerical method.
To measure the degree of agreement between the two approaches, the relative error is defined as

where denotes the option price based on the analytical Black-Scholes solution and denotes the option price 
computed using the Crank-Nicolson method.

A comparison between the numerical and analytical option prices for various grid sizes in spatial and temporal 
grid sizes is presented in Table 3.
The numerical option price s are evaluated at the initial stock price and expressed as.

Table 3.
Comparison of Numerical and Analytical European Call Option Prices and Relative Errors

Numerical Price

Analytical Pricing

Relative Error (%)

50

62.538028

53.023359

17.944297

100

54.132018

53.023359

2.090887

150

53.599257

53.023359

1.086122

200



53.420202

53.023359

0.748431

250

53.352819

53.023359

0.621349

300

53.127669

53.023359

0.196725

400

53.156822

53.023359

0.251706

500

53.115226

53.023359

0.173257

600

53.061557

53.023359



0.072040

Table 3 shows that increasing grid resolution causes the numerically calculated option prices to approach the 
analytical Black-Scholes values.
When using a coarse grid, the numerical results exhibit relatively large deviations from the analytical values.
However, as the grid is gradually refined, the numerical solutions move toward the analytical solutions with a 
stable and consistent pattern, confirming the good convergence characteristics of the Crank-Nicolson scheme.

Graphical comparison of Numerical and Analytical Solutions

Figure 1 presents a visualization of the numerical convergence behavior through a comparison between the nu-
merically calculated option prices with the analytical Black-Scholes price across different spatial grid resolutions.

Figure 1.
Comparison Between Numerical Crank-Nicolson Solutions and Analytical Black-Scholes Prices for European Call 
Options

At relatively small values of, the numerical estimates tends to produce option prices that are higher than those 
obtained from the analytical solution.
As the grid spacing becomes finer, the numerical results gradually approach and eventually nearly coincide with 
the analytical solution, reflecting the increased accuracy resulting from the more detailed discretization.

Relative Error Behavior and Spatial Distribution

A comparison of the errors relative to the spatial grid resolution can be observed in Figure 2.

Figure 2.
Relative error of the Crank-Nicolson solution with respect to spatial grid size ()

The results in Figure 2 show that the relative error decreases monotonically with increasing number of spatial 
grid points, thus confirming the stability and convergence characteristics of the Crank-Nicolson method.
At sufficiently fine grid resolution, the relative error is well below 1%, indicating that the method is capable of 
producing numerical estimates very close to the analytical solution.
Furthermore, the distribution of the relative error relative to the underlying stock price is shown in Figure 3.

Figure 3.
Spatial Distribution of Relative Errors for Different Grid Sizes as a Function of Stock Price

The most significant errors tend to appear around the at-the-money region (S K), which is related with local 
discontinuities in the option payoff function.
Outside this range, namely in the in-the-money and out-of-the-money conditions, the relative error tends to be 
smaller and more stable.

CONCLUSION



This research successfully achieved its main objective by applying the Crank-Nicolson numerical method to solve 
the Black-Scholes equation in calculating the price of a call option (European call option) based on Indonesian 
stock market data.
Through the application of a systematic numerical framework and validation process the analytical solution, the 
results of this research show that the Crank-Nicolson method is capable of producing stable, convergent, and 
numerically consistent option price estimates when applied to real market data.

The findings confirm that the Crank-Nicolson method is not only computationally efficient but also practically 
relevant for emerging financial markets such as Indonesia.
Its unconditional stability, ease of implementation, and sufficient accuracy for practical applications make it a 
reliable alternative to purely analytical approaches as well as to more complex numerical schemes.
These results highlight that classical finite difference methods continue to play an important role in empirical 
quantitative financial modeling.

From a theoretical perspective, this study reinforces the understanding of convergence behavior and numerical 
stability of semi-implicit schemes in the solution of parabolic partial differential equations arising in derivative 
pricing.
From a practical standpoint, the results may serve as an initial reference for academics and practitioners in 
developing efficient and easily implementable option valuation systems, particularly in environments with limited 
computational resources.

Nevertheless, this study is subject to certain limitations, as it is restricted to the classical Black-Scholes model 
under constant volatility assumptions and does not incorporate dividend payments or more complex option 
features.
Future research is therefore encouraged to extend the modeling framework by considering stochastic volatility, 
American-style options, or high-frequency data-based approaches to better capture realistic market dynamics.
In this regard, the present study is expected to establish a foundation for future advances in numerical method 
development in derivative pricing for Indonesia and other emerging financial markets.
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FAQs

What is GPTZero?

GPTZero is the leading AI detector for checking whether a document was written by a large language model such 
as ChatGPT. GPTZero detects AI on sentence, paragraph, and document level. Our model was trained on a large, 
diverse corpus of human-written and AI-generated text with support for English, Spanish, French, German, and 
other languages. To date, GPTZero has served over 10 million users around the world, and works with over 100 
organizations in education, hiring, publishing, legal, and more.

When should I use GPTZero?

Our users have seen the use of AI-generated text proliferate into education, certification, hiring and recruitment, 
social writing platforms, disinformation, and beyond. We've created GPTZero as a tool to highlight the possible use 
of AI in writing text. In particular, we focus on classifying AI use in prose. Overall, our classifier is intended to be 
used to flag situations in which a conversation can be started (for example, between educators and students) to 
drive further inquiry and spread awareness of the risks of using AI in written work.

Does GPTZero only detect ChatGPT outputs?

No, GPTZero works robustly across a range of AI language models, including but not limited to ChatGPT, GPT-5, 
GPT-4, GPT-3, Gemini, Claude, and AI services based on those models.

What are the limitations of the classifier?

The nature of AI-generated content is changing constantly. As such, these results should not be used to punish 
students. We recommend educators to use our behind-the-scene Writing Reports  as part of a holistic assessment 
of student work. There always exist edge cases with both instances where AI is classified as human, and human is 
classified as AI. Instead, we recommend educators take approaches that give students the opportunity to demon-
strate their understanding in a controlled environment and craft assignments that cannot be solved with AI. Our 
classifier is not trained to identify AI-generated text after it has been heavily modified after generation (although 
we estimate this is a minority of the uses for AI-generation at the moment). Currently, our classifier can sometimes 
flag other machine-generated or highly procedural text as AI-generated, and as such, should be used on more 
descriptive portions of text.

I'm an educator who has found AI-generated text by my students. What do I do?

Firstly, at GPTZero, we don't believe that any AI detector is perfect. There always exist edge cases with both in-
stances where AI is classified as human, and human is classified as AI. Nonetheless, we recommend that educators 
can do the following when they get a positive detection: Ask students to demonstrate their understanding in a 
controlled environment, whether that is through an in-person assessment, or through an editor that can track their 
edit history (for instance, using our Writing Reports through Google Docs). Check out our list of several recommen-
dations on types of assignments that are difficult to solve with AI.

      
      Ask the student if they can produce artifacts of their writing process, whether it is drafts, revision histories, or 

brainstorming notes. For example, if the editor they used to write the text has an edit history (such as Google Docs), 
and it was typed out with several edits over a reasonable period of time, it is likely the student work is authentic. 
You can use GPTZero's Writing Reports to replay the student's writing process, and view signals that indicate the 
authenticity of the work.

      See if there is a history of AI-generated text in the student's work. We recommend looking for a long-term pattern 
of AI use, as opposed to a single instance, in order to determine whether the student is using AI.

https://gptzero.me
https://gptzero.me/writing-report
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