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	This study is aimed at being able to determine the price of European call options by including the element of transaction costs so as to be able to overcome the limitations of the classic Black-Scholes model which has been assuming market conditions without friction. In this study, the Barles-Soner non-linear model was used with a solution using the Infinite Difference Method and a semi-discretized approach or Line Method and utilizing historical data of PT XYZ shares. The results of the numerical calculation were able to show that when transaction costs were included, there was a significant divergence so that the resulting option premium was higher than the classical model. In more detail, an increase in transaction fee parameters leads to an increase in effective volatility, which ultimately makes the option price expensive. Therefore, it can be concluded that the use of the Black-Scholes standard model has the potential to pose the risk of undervaluation while the proposed numerical approach is able to provide conservative and realistic valuation results for hedging and risk management purposes.
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1. INTRODUCTION
	In modern financial markets, derivatives instruments, more specifically European options, play an important role as a tool for hedging and speculation. Since its introduction in 1978 the Black-Scholes (B-S) model has been widely used as a standard framework for options pricing efforts (Black and Scholes, 1973). This model provides an inventory of analytical solutions assuming an ideal market including with constant volatility and continuous hedging in the absence of transaction fees. However, these assumptions often do not apply in real market conditions, more specifically due to the emergence of transaction costs arising from periodic portfolio rebalancing (Leland, 1985; Boyle and Vorst, 1992).
	Ignoring transaction fees may lead to inaccuracies in pricing efforts and significant differences between the theoretical Black-Scholes price and the actual market price. To be able to overcome this, several studies propose a modified price framework by including effective volatility (Leland, 1985; Avellaneda and Parás, 1994). Leland (1985) and Boyle and Vorst (1992) introduced adjustments that are based on trading frequency and discrete hedging while Avellaneda and Parás (1994) made a more general consideration of transaction fee structures. This development was further developed by Barles and Soner (1998) who formulated a nonlinear Black-Scholes equation using an exponential utility approach where volatility depends on the second derivative of the option price.
	The nonlinear nature of the Barles-Soner model makes closed-form analytical solutions unavailable so the use of numerical methods becomes so important for the assessment of options (Barles and Soner, 1998; Company et al., 2009). Although the Difference To Method is often used, traditional explicit schemes are often faced with more specific stability and convergence issues when approaching the maturity of options.
	To overcome these limitations, this study uses a semi-discretized approach also known as the Line Method as proposed by Company, Jódar, and Pintos (2009). This method provides a better supply of numerical stability and consistency in the attempt to solve nonlinear partial differential equations. The main objective of this study is to determine the price of European options with the consideration of transaction costs explicitly using this numerical framework as well as to evaluate their effectiveness in producing a more realistic and reliable valuation than the standard Black-Scholes model.

2. RESEARCH METHOD
2.1 Research Flow
This study is applied with an applied quantitative approach that focuses on the determination of European option pricing with consideration of transaction costs through the application of the semi-discretization method on the Barles-Soner nonlinear model (Barles and Soner, 1998; Company et al., 2009). The research process is carried out systematically through five main stages, namely literature review, stock data collection, data processing and parameter estimation, mathematical model development, and numerical option assessment (Company et al., 2009). The research framework is displayed more clearly through the flowchart presented in Figure 1.
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Figure 1. Research Flow
The research procedure is carried out by being able to follow the systematic workflow described in Figure 1. The study began with a literature review regarding option pricing and numerical methods then continued with the collection of data on the daily closing price of PT XYZ shares. Raw data is processed to estimate historical volatility parameters. Furthermore, the mathematical model is constructed using the Barles-Soner framework and solved numerically through the Difference Method with a semi-discretized scheme. The numerical model is first validated by providing a comparison of the results against the Black-Scholes analytical solution before it is used to simulate the option price that takes into account transaction costs (Black and Scholes, 1973; Company et al., 2009).
2.2 Data Processing and Parameter Estimation
The primary data used in this study consists of the daily closing stock prices of PT XYZ obtained from the Yahoo Finance database (Rusmaningtyas et al., 2022). The dataset covers a one-year trading period from December 30, 2024, to December 24, 2025. To implement the Barles-Soner model, the historical volatility parameter which represents the magnitude of asset price fluctuations. must be estimated from the raw data. First, the daily logarithmic return is calculated using the standard formula described in Hull (2009):


Where  denotes the closing stock price on day and  is the closing price on the previous day. A sample of the return calculation is presented in Table 1.
	Date
	Closing Price 
	Previous Price 
	Log Return 



	30-Dec-2024
	
	
	

	02-Jan-2025
	
	
	

	03-Jan-2025
	
	
	

	06-Jan-2025
	
	
	

	07-Jan-2025
	
	
	


Table 1. Sample of Daily Stock Return Calculating for PT XYZ
	
After obtaining the daily returns, the standard deviation ) is computed to measure the dispersion of the asset's price movements. The annualized volatility is computed to measure the dispersion of the asset's price movements (Hull, 2009). The annualized volatility  is then derived by scaling the standard deviation with the square root of the number of trading days in a year , following the volatility estimation technique in option pricing literature (Rusmaningtyas et al., 2022

Based on the computational results from the dataset, the annualized volatility is estimated at . This value, along with the latest closing price  of  and a risk-free interest rate  of  , serves as the baseline input for the numerical simulation.
2.3 Mathematical Model
2.3.1 Non-Linear Blach-Scholes Equation
The classic model of Black and Scholes (1978) provides the assumption of a fit condition without friction. To be able to include the influence of transaction costs, Barles and Soner (1998) introduced nonlinear adjustment which is based on the principle of utility maximization. The modified Partial Differential Equation (PDE) for a European call option  is:

the Battle of the Bulge
 : Underlying Asset Price,
: time, 
: risk-free interest rate,
: Nonlinear Volatility
.

The equation is able to show that the change in the price of options is influenced by fluctuations in stock prices or diffusion components as well as deterministic growth that arises due to the rate of interest and discount effects on the value of options.
2.3.2 Volatility as a Representation of Transaction Costs
In the Barles-Soner model,  it indicates that volatility σ no longer has a constant property but rather becomes a nonlinear function of the second derivative of the option price . Transaction fees are calculated through adjustments to volatility which are expressed as:



With :
 is the basic volatility without transaction costs,
is a parameter of transaction cost intensity and risk aversion,
Ψ(⋅) is a volatility correction function that satisfies an implicit nonlinear differential equation.

When transaction costs increase, investors cannot hedge continuously, increasing portfolio risk (Leland, 1985; Boyle and Vorst, 1992). This additional risk is modeled as an increase in effective volatility (Avellaneda and Parás, 1994; Barles and Soner, 1998). The function Ψ(⋅) measures the magnitude of the volatility correction due to transaction costs, while the parameter a controls the intensity of these costs.
2.3.3 Transformation of Initial Value Problems
To simplify the numerical problem solving, the boundary value problem (because the payoff condition is known at maturity ) is transformed into an initial value problem , as commonly applied in numerical solutions of nonlinear Black–Scholes equations using the semi-discretization approach (Company et al., 2009). The transformation is performed using the time variable  and the function  Which allows the problem to be solved backward in time in a stable numerical framework (Company et al., 2009; Al-Zoubi, 2022).

For domain and  and 

2.3.4 Initial and Boundary Conditions
Initial Conditions (Payoff Option)
Since the instrument used by the analysis is a European call option, the value of the option at maturity is determined only by the difference between the share price and the strike price that is capable of being in line with the standard payoff definition for European options within the framework of the Black-Scholes model (Black and Scholes, 1973).

This condition is used as a starting point in numerical simulation because the calculation of the solution can be done backwards from the due date to the initial time.
Stock Price Limit Conditions
In order for the numerical solution to remain realistic, the limit condition is applied on the stock price side where the value of the option will be close to zero when the stock price is close to zero and will converge to its intrinsic value when the stock price increases sufficiently high in accordance with general practice in research regarding the determination of option prices numerically (Zhang and Wang, 2021; Gonzalez-Pinto et al., 2021).

The right boundary condition is designed to be a representation of the asymptotic behavior of the option price. When the stock price is close to zero, the value of the option will have a tendency to be zero, while when the stock price increases to high enough, the value of the option will be close to its intrinsic value. The application of these conditions aims to ensure that the resulting numerical solutions remain in harmony with economically and financially reasonable behavior.
2.4 Numerical Method
2.4.1 Finite Difference Spatial Discretization
The discrete process of the regulatory equation is carried out by being able to approach partial derivatives through the development of the Taylor series (Company et al., 2009; Nuwairan and Alqarni, 2022). This approach known as the Till Difference Method provides the conversion of a continuous domain into a set of discrete sidepoints so that partial differential equations can be represented in algebraic form and subsequently used for numerical calculation purposes (Nuwairan and Alqarni, 2022).
Let  denote the grid spacing between adjacent points. The Taylor series expansion of the function  around the point  can be expressed as:


By eliminating these two equations, the scheme of the second order center difference for the first and second derivatives can be derived.
First Deivative :

Second Derivative:

2.4.2 Formation of a system of Ordinary Differential Equations
After the substitution of the difference estimate until the application of partial differential equations is carried out, changes are made to a system of ordinary differential equations in the form of a matrix for time which is a characteristic of the Line Method approach (Company et al., 2009).

This equation is grouped according to the coefficients of and  and , resulting in a linear system of equations:


The elements of the matrix  consist of the following coefficients for each interior grid point  :




In matrix form, this system can be written as:


Here  is a tridiagonal matrix that depends on the current volatility solution, with  and the matrix  depends on the solution through the nonlinear volatility.



Here  represents an approximation of the second derivative at the point.

2.4.3 Numerical Boundary Condition Treatment
The solution of the ODE system is carried out with respect to time using the explicit Forward Euler scheme with time step . The numerical iteration formula to obtain the option price at time step- is given by:

At each time step, the nonlinear volatility value  is updated based on the gamma value function  using the 
Since the stock price domain has a finite nature, the value of the solution at the limit points is calculated using second-order Lagrange polynormative extrapolation.

This approach is able to maintain consistency in the accuracy level of the schema across domains.

2.4.4 Stability and Consistency Analysis
Numerical stability analysis is carried out with reference to the spectral normals of the discrete system matrix used. The results of the analysis indicate that the numerical scheme has a conditional stable nature with respect to time (Soleymani, 2020; Kumar and Pandey, 2023) are stable when the spatial steps have been determined and the time steps chosen are quite small. This finding is consistent with the results of previous numerical analyses that language nonlinear Black-Scholes equations (Soleymani, 2020; Kumar and Pandey, 2023).
The local truncation error is obtained through a Taylor expansion, resulting in:

which indicates that the method is second-order accurate in space and first-order accurate in time.

3. RESULT AND ANALYSIS
3.1 Research Data and Simulation Parameters
The data used in this simulation is in the form of the historical closing price of PT XYZ which is a company operating in the banking sector. The dataset covers a one-year trading period. From this data, the latest closing price was recorded at .
For the purpose of numerical model simulation, the historical volatility (σ) of the underlying asset is estimated first. This volatility is calculated by being able to take the standard deviation from the daily log-return and then normalize it to an annual scale. Based on historical data from PT XYZ, the level of volatility obtained is 29.49%.
Numerical solving of nonlinear Black-Scholes equations using different methods requires a determination of representative input parameters. In this study, the simulation parameters used are presented briefly and summarized in Table 1.

	Parameters
	Symbol
	Value
	Information

	Initial Share Price
	
	
	Determination of Final Share Price of PT. XYZ

	Execution Price
	
	
	At-The-Money (ATM) Scenario

	Due date 
	
	
	1 Year

	Risk-Free Interest Rate
	
	
	Benchmark interest rate assumptions


	Historical Volatility
	
	
	Estimates from historical data of PT. XYZ 

	Transaction Cost Parameters
	
	
	Independent Variable (Free , Small Fee , Big Costs )

	Space Steps
	
	
	Number of stock grid points 

	Time Step
	
	
	Number of time grid points 


Table 2. Parameter Values
3.2 Effect of Transaction Costs on Option Prices
Before the impact of transaction costs is further analyzed, the accuracy of the proposed numerical scheme needs to be validated first. The validation process is carried out by comparing the price of numerical options generated through the semi-discretization method with the analytical solution that has been obtained from the standard Black-Scholes model on the market conditions given the assumption without any friction . 

The analytical Black-Scholes price for the parameters  and  is calculated as IDR . Table 3 demonstrates that as the number of grid points increases, the numerical solution converges rapidly to the analytical value.


	Number of Spatial Grids 
	Numerical Option Price (IDR)
	Analytical Option Price (IDR)
	Relative Error 

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


Table 3. Convergence of Numerical Solution towards Analytical Black-Scholes Price 

3.3 Effect of Transaction and Convergence Analysis
Based on the model that has gone through the validation process, the simulation is then expanded by including transaction cost elements  using the Barles-Soner model. A comparison of the option price curve at various transaction fee parameter values can be shown in Figure 1. 

[image: ]
Figure 1. Numerical comparison of European call option prices between the classical Black-Scholes model and the Barles-Soner model with transaction cost parameters and 

Based on Figure 1, a clear divergence pattern is observed between the classical model and the transaction cost models. The dashed black line represents the theoretical Black-Scholes price in a frictionless market  . The solid blue and red lines represent the option prices calculated using the Barles-Soner model with transaction cost parameters of  and  , respectively.
The graph demonstrates that the inclusion of transaction costs results in an increase in option prices across the entire domain, which is consistent with nonlinear option pricing theory under transaction costs (Barles and Soner, 1998). The curves incorporating transaction costs consistently lie above the classical benchmark. Specifically, the red curve  exhibits the highest premium, followed by the blue curve . This phenomenon confirms that transaction costs amplify the effective volatility, as documented in previous studies on option pricing with market frictions (Leland, 1985; Avellaneda and Parás, 1994). Since option prices are positively correlated with volatility, a higher transaction cost parameter imposes a larger premium surcharge to compensate for the hedging costs incurred by the option writer.

The detailed comparison of option prices at the At-The-Money (ATM) position is presented in Table 4.
	Scenario
	Parameters 
	Option Price (IDR)
	Deviation from Classical

	Model (Benchmark)
	
	
	

	Low Transaction Cost
	
	
	

	High Transaction Cost
	
	
	


Table 4. Option Price Comparison under Transaction Costs

3.4 Practical Implications
	The results of the study were able to show that during periods with high levels of market fluctuations that were able to cause transaction costs to increase. From a practical point of view, this finding indicates that investors in PT XYZ should not only rely on the use of the standard Black-Scholes formula. Neglect of transaction fees has the potential to result in an undervaluation of options if it is more specific from the perspective of the option writer who is faced with hedging risks (Barles and Soner, 1998) so that significant risks may arise for the seller of the option. The proposed non-linear numerical model is able to provide a more conservative and realistic estimate of the fair value of the option.

4. CONCLUSION
	This research succeeded in applying different numerical methods to a semi-discretized approach to be able to calculate the price of European options with transaction costs so that the stability of the solution can be provided as a nonlinear Barles-Soner model that does not have an analytical solution in closed form. The main results indicate that when transaction costs are taken into account, the price of options becomes much higher than valuations using the classic Black-Scholes model with a greater degree of divergence as the intensity of market friction increases. The increase in the option premium is a reflection of the strengthening of effective volatility which plays a role as a form of compensation for hedging risks that cannot be done perfectly.
	From a practical point of view, the findings can provide confirmation of the use of the classic Black-Scholes model directly without having to include transaction cost adjustments, which has the potential to cause the undervaluation of options which can ultimately pose a risk of stiffness for the option author. Therefore, the proposed numerical approach is able to provide a more conservative and realistic estimate of fair value so that it can be used as an appropriate reference for investors and financial institutions in an effort to design pricing strategies and manage risks in the derivatives market.
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